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On Distributional Assumptions and
Whitened Cosine Similarities

i21;...;K

¼ argminðW t ðx  mi ÞÞt ðW t ðx  mi ÞÞ
i21;...;K

¼ argmin kW t xk2 þ kW t mi k2

Marco Loog
Abstract—Recently, an interpretation of the whitened cosine similarity measure
as a Bayes decision rule was proposed [1]. This communication makes the
observation that some of the distributional assumptions made to derive this
measure are very restrictive and, considered simultaneously even inconsistent.
Index Terms—Decision rule, class distributions, distributional assumptions,
consistency, whitened cosine similarity.
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INTRODUCTION

 2kW t xkkW t mi kdðx; mi Þ
¼ argmin dðx; mi Þ;
i21;...;K

where the last equality follows because Assumption 4 is meant to
be interpreted as kW t yk ¼ 1, both when y is a normal pattern
vector x and a mean mi (see [1]).
In what follows, we question the usefulness of the previous set
of assumptions, offer some insight into some of the theoretical
intricacies involved, and, ultimately, make the observation that the
assumptions are inconsistent. That is, there are no data distributions that can possibly fulfill all four requirements.

A paper [1] published recently in this journal postulates four specific
assumptions in order to relate the so-called whitened cosine
similarity measure to a Bayes decision rule for classification. In this,
the whitened cosine similarity measure between two vectors x and y
is defined as

dðx; yÞ ¼

ðW t xÞt ðW t yÞ
xt T 1 y
¼
;
t
t
kW xkkW yk kW t xkkW t yk

ð1Þ

which is the arccosine of the angle between the vectors W t x and
W t y. Here, T is the overall, or total, covariance matrix taken over all
data and W is a whitening transformation which diagonalizes T ,
i.e., W t T W ¼ I, where I is the identity matrix.
The specific assumptions are (as quoted from [1]):
1.
2.
3.

4.

The conditional probability density functions of all of the
classes are multivariate normal.
The prior probabilities of all of the classes are equal.
The covariance matrices of all of the classes are identical to
the covariance matrix of all samples, regardless of their
class membership.
The whitened pattern vectors in the Bayes decision rule are
normalized to unit norm.

Based on the first three, the following decision rule can be
derived (see, for instance, [2]):
cðxÞ ¼ argminðx  mi Þt T 1 ðx  mi Þ:

ð2Þ

i21;...;K

In [1], the fourth assumption is added to the list in order to carry
out the following further manipulations to the rule:
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2.1

ANALYSIS OF THE ASSUMPTIONS
Assumption 3

To start with, we note that Assumption 3 in itself is already very
restrictive. It states—besides the often-made assumption that all
class covariance matrices Ci are equal—that these should also be
equal to the “covariance matrix of all samples.” That is, they
should all equal the total covariance matrix T .
This matrix T is the sum of the pooled within-class
covariance
PK
P
and the between-class covariance [3], i.e., T ¼ K
i¼1 pi Ci þ
i¼1
t
pi ðmi  mÞðmi  mÞ , in which pi are the class priors and m is the
overall mean
PK and, because T ¼ Ci ,t for all i. This leads to T ¼
P
K
i ðmi  mÞðmi  mÞ ¼ T þ B with B the between
i¼1 pi T þ
i¼1 pP
t
class covariance K
i¼1 pi ðmi  mÞðmi  mÞ . Consequently, it holds
that B ¼ 0 and there is no variation in the class means. In other
words, Assumption 3 implies that all class means are the same.
Obviously, this seems too restrictive an assumption. Together
with Assumptions 1 and 2, this would, for instance, imply that all
classes are completely overlapping and no discrimination is
possible.
Incidentally, note that not much is gained from the relaxation of
Assumption 3 to allow all Ci to be proportional to the total
covariance, i.e., Ci ¼ T for all i. This would imply that B is
proportional to T as well. In the general setting, where the number
of classes is smaller than or equal to the number of feature
dimensions, the rank of B is strictly smaller than T ’s and, therefore,
B can only be proportional to T if it equals the null matrix, i.e., it
reduces to the case already considered. On the other hand, in the
less common situation where the number of classes is larger than
the dimensionality, B can be in proportion to T in a nondegenerate
way. It is, however, nontrivial to construct such data configurations in which the within, between, and total covariances are all
equal apart from certain multiplicative constants.

2.2

Assumption 4

Assumption 4 is even more troublesome and what follows are two
main difficulties that stem from imposing this requirement.
First of all, initially it is not made precise what is meant by
“pattern vector.” From the paper’s context, it at least seems the case
that all samples x are included. As indicated at the end of Section 1,
the derivation in [1] in addition assumes that the whitened means
are normalized as well. The paper states (using current notation):
“Now, if we add another assumption, 4) the whitened pattern
vectors, W t x and W t mi , are normalized to unit norm, then [...].”
That is, both samples and class mean vectors are assumed to have
unit length after applying the whitening transform. But, this is
problematic as if all pattern vectors are located on a unit hypersphere, all samples from the same class have to coincide in order for
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the mean to lie on the hypersphere as well. As soon as there is some
spread in the class samples, the mean will lie inside the sphere and
not on it and the mean will not have unit length. Again, this seems an
assumption that is too restrictive.
Furthermore, even if we would only consider the samples to lie
on the unit hypersphere, Assumption 4 would be difficult to fulfill.
In this case, however, the problem is somewhat more subtle.
Consider the interval ½1; 1 and the distribution P ¼ 12 ð1 þ
1 Þ on this interval. As all mass is distributed in the endpoints 1
and 1 with equal probabilities 12 , the variance of this distribution is
one. Moreover, it is not hard to see that, as soon as some of the
mass shifts, e.g., to the inside of the interval, the variance (the
average spread) will decrease. That is, for all distributions other
than P , the variance is strictly smaller than one.
Now, the assumption states that the data on the hypersphere is
whitened, i.e., that the total covariance equals the identity matrix I.
This, in turn, implies that, for every unit vector v, the variance of
the projected data vt x equals vt Iv ¼ vt v ¼ 1. The projected data,
coming from a hypersphere, lies of course in the interval ½1; 1,
but is generally not concentrated in the endpoints of this interval
and will therefore have variance less than 1, which contradicts the
whitening assumption.
We can conclude that Assumption 4 can hold only for onedimensional data and then merely in the case where it is
distributed like P , a single degenerate distribution.
Finally, we may remark that another possibility is to merely
require the whitened class means to be normalized to unit norm.
Obviously, this is an assumption less limitative than the original
one and there exist distributions that fulfill this requirement.
Nonetheless, it still is overly restrictive. As given in [4], B can
be
expressed
in terms of pairwise class mean differences: B ¼
PK
PK1
t
i¼1
j¼iþ1 pi pj ðmi  mj Þðmi  mj Þ . Using this, we can give an
upper bound for the trace of the between-class covariance in the
whitened feature space:
!
K1
K
X X
t
t
t
t
t
tr
pi pj ðW mi  W mj ÞðW mi  W mj Þ
i¼1 j¼iþ1

¼

K1
X

K
X

pi pj ðW t mi  W t mj Þt ðW t mi  W t mj Þ

ð4Þ

i¼1 j¼iþ1



K1
X
i¼1

K
X

1
pi pj 4  KðK  1Þ;
2
j¼iþ1

where the first inequality follows because the squared distance
between every two class means, i.e., ðW t mi  W t mj Þt ðW t mi 
W t mj Þ, is always smaller than or equal to 4. The last one holds
because pi pj is always smaller than or equal to 14 . Also, as the total
covariance in the whitened space equals its dimensionality d, the
trace of the within-class must be larger than d  12 KðK  1Þ.
Apart from the unpleasant restrictions on the between and
within-class covariances, it also follows, for example, that, for large
dimensionality and relatively few classes, the assumption implies
that the total covariance has to be dominated by the within-class
covariance. There is, however, no need to impose this unit norm
restriction with such undesirable consequences. A preferable
alternative is to simply assume the norms of the whitened means
to be the same, but not necessarily equal to one.

2.3

Inconsistency

As illustrated, Assumptions 3 and 4 are very limiting. Individually,
however, they do not render the set of assumptions inconsistent.
Yet, together they do.
As we saw, Assumption 4 implies that all classes have to be
degenerate with all class samples lying in the same point, i.e., their
class mean. Moreover, Assumption 3 implies that there is no
spread in the class means and they as well have to be located in
one and the same point. In a word, all data from all classes is
situated within a single point. This, however, contradicts Assumption 4, which states that the data has been whitened, implying the

VOL. 30, NO. 6,

JUNE 2008

1115

spread to be one. We therefore conclude that the set of
assumptions postulated in [1] is inconsistent and no configuration
of data can possibly fulfill them.
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