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Modeling Hysteresis and Its Inverse Model Using Neural Networks
Based on Expanded Input Space Method
Xinlong Zhao and Yonghong Tan

Abstract—A neural network-based approach of identification
for hysteresis and its inverse model is proposed. In this method,
a hysteretic operator is proposed to extract the change tendency
of hysteresis. Then, an expanded input space is constructed to
transform the multivalued mapping into one-to-one mapping so
that the neural networks are capable of implementing identification for hysteresis. Similar to the method of modeling hystereis,
an inverse hyteretic operator is proposed to construct an inverse
model for hysteresis. Then the experimental results are presented
to illustrate the potential of the proposed modeling technique.
Index Terms—Hysteresis, hysteretic operator, inverse model,
modeling, neural networks.

I. INTRODUCTION

P

IEZOELECTRIC actuators are widely used in micro-positioning and ultra-precision manufacturing systems. However, one of the drawbacks of the piezoelectric actuator is the
existence of hysteresis. Hysteresis is a multi-valued mapping
and is non-differentiable, thus it presents a challenge in the control of systems with piezoelectric actuators. Without modeling
and incorporating hysteresis in the controller design, hysteresis
often severely limits system performance such as giving rise to
undesirable inaccuracies or oscillations, even leading to instability [1]. Therefore, it is necessary to find a model describing
the behavior of hysteresis so that the corresponding controller
based on the obtained hysteresis model can be designed to eliminate the harmful effect of hysteresis. In recent decades, there
have been several models proposed to describe the hysteresis,
such as the Preisach model [2], [3], the KP hysteron model [4],
the PI model [5], and the Bouc–Wen model [6]. Among those
models, the Preisach model is the most popular one since it contains the basic features of the hysteresis phenomena in a conceptually simple and mathematically elegant way. It has been
widely used to model some smart materials such as ferromagnet,
piezoceramic, and shape-memory alloy. However, it is not convenient to tune the parameters online in order to adapt to the
change of operating environment. Moreover, another drawback
of the Preisach model is that it is not easy to determine the values
of the distribution function of the model.
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Recently, artificial neural networks have been applied to modeling of hysteresis. Adly and Abd-El-Hafiz [7] had proposed
a neural model. In their method, the Presach model was considered as the superposition of the outputs of a set of elementary hysteresis operators. Then the weights function of those
operators were determined by neural networks. Serpico and Visone [8] also proposed a feedforward neural network-based hysteresis model. This neural model was composed of two blocks.
The first one was a block with memory that was constituted
by a set of play operators. The second one was a memoryless
function approximated by a feedforward neural network. The
above-mentioned neural network-based methods are useful for
modeling hysteresis. However, the drawbacks still exist, such as
the fact that the procedure of realization is rather complicated.
Li and Tan [9] also proposed a neural networks model for hysteresis. In their method, a hysteretic operator motivated by the
Preisach model was defined to decompose the multivalued mapping of hysteresis into a one-to-one mapping between the input
coordinates and the output so that the neural networks can be utilized for model approximation. The disadvantage of the method
was that the hysteretic operator used to extract the boundary of
the integral area was still complicated in engineering practice.
In order to control systems with hysteresis, the most common
approach is to construct an inverse model of hysteresis. Gang
Tao and Kokotovic [1] presented a simple parameterized hysteresis model and developed a corresponding inverse model for
it. As the parameterized hyteresis model could not describe the
real hysteresis accurately, the derived inverse model would result in large error. Webb [10] also proposed a linearly parameterized KP model as well as the inverse model based on the
obtained KP model. However, the process of deriving its precise inverse model is complicated.
In this paper, a novel hysteretic operator is proposed to
construct an expanded input space so as to transform the
multivalued mapping of hysteresis into a one-to-one mapping
which enables neural networks to approximate the behavior of
hysteresis.
In some cases, for instance, in the design procedure of internal
model control strategy, it requires the development of both the
model and the inverse model. As hysteresis is a nonsmooth nonlinear function with multivalued mapping, it is rather difficult to
derive an inverse model directly based on the obtained hysteretic
model based on the proposed hysteretic operator. Therefore, a
new operator is proposed in order to construct an inverse model
describing the inverse behavior of hysteresis. Similar to the procedure of construction for a hysteretic operator, an inverse hysteretic operator is proposed. Then, a neural network-based inverse model for hysteresis is developed. The obtained expanded
input space is proved to be compact. Moreover, the proof of the
continuity of the one-to-one mapping is presented. Comparing
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with the previous-stated methods, the proposed transformation
operators can extract the variation tendency of the hysteresis or
inverse hysteresis. Then, a new input space is constructed by
introducing additional coordinates into the input space. The introduced additional coordinates are actually determined by the
proposed transformation operators. Thus, the output of the hysteresis or the inverse hysteresis can be uniquely specified by
the constructed expanded input space. Furthermore, the proposed transformation operators can be easily determined, and
the neural network-based hysteresis or inverse hysteresis model
has a rather simple architecture.
II. HYSTERETIC OPERATOR
Recently, artificial neural networks have been widely applied
to pattern recognition and system identification. However, it is
known that neural networks can only be available for the approximation of the continuous systems with one-to-one or multiple-to-one mappings. It is unable to use the traditional techniques of system identification as well as the neural networks
to directly identify the model of systems with multivalued mapping such as hysteresis [11]. In order to handle this problem, a
transformation operator is proposed to extract the variation feature of the hysteresis. Then, in terms of the proposed transformation operator, an expanded input space is constructed to transform the multivalued mapping of hysteresis into a one-to-one
mapping.
is defined as
The proposed hysteretic operator
(1)
is the current output, and
where is the current input,
is the dominant extremum adjacent to the current input .
is the output of the operator when the input is .
Assumption 1: The considered hysteresis is continuous and
forms a closed loop in the input–output diagram when the input
cycles between two extrema.
, where
and
Lemma 1: Let
is the set of continuous functions on
. For the dif, but
ferent time instances and , it results in
, where
and
belong to an ascending curve and
a descending curve, respectively. The ascending curve and the
descending curve are connected by a point corresponding to an
.
extremum. Then, this leads to
Proof: Considering that the segment
decreases monotonically, (1) becomes

(2)
is the decreasing segment of the function and
where
is the maximum extremum of the input, while

(3)

Fig. 1. Behavior of the hysteretic operator.

denotes the increasing segment of the function. In this case,
is the minimum extremum of the input. Since

(4)
then
is monotonic. Similarly, one can obtain that
is also monotonic.
is obtained from
It is noticed that
. Its origin moves from (0,0) to
.
is obtained from
On the other hand,
when its origin moves from (0,0) to
.
, it implies that
and
Since
are antisymmetrical functions. Thus, it can be concluded that
and
intersect only at extremum point
,
that is, if
and
are not the extrema, but
,
then

Remark 1: Suppose
is defined as the output of hysteresis.
and
are fed with the same input
, the curve
When
exhibits behavior similar to that of
such as
of
ascending, turning, and descending.
In the following, an example is provided to illustrate this
similarity. Suppose a hysteresis constructed by ten backlash
operators with the values of the deadband width evenly distributed within (0.1,1). The input fed into the hysteresis is
. The curve of hysteresis
(solid) and that of the corresponding hysteretic operator (dashed
line) are shown in Fig. 1. It is obvious that the hysteresis exhibits nonsmooth behavior and multivalued mapping.
is fed into
and
, the corFrom Fig. 1, when
and
are respectively points
responding outputs of
and . For input
, the resulted outputs of
and
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are, respectively, points and . It can be seen that the proposed
hysteretic operator can extract the main feature of the hysteresis
if it is fed with the same input as that of the hysteresis. The curve
of hysteresis is very similar to that of hysteretic operator.
Remark 2: As
, where
and
belong to an ascending curve and a descending curve, respectively,
, then the coordinate
is
and
uniquely corresponding to the output of hysteresis
.
and , also
Lemma 2: If there exist two time instances
, and
and
belong to an ascending curve or
, then
a descending curve, such that
.
increases monotoniProof: Assume that the segment
cally. From the proof of Lemma 1, it follows that

is monotonic as
(5)
According to the property of continuity of the inverse function,
it yields
(6)
Similar to

, this results in
(7)

Then, it can be obtained that
(8)
Theorem 1: For any hysteresis satisfying Assumption 1, there
exists a continuous one-to-one mapping
, such that
.
Proof: First, it is proved that is a one-to-one mapping.
is not the extremum.
Situation 1: Assume that
In terms of Lemma 1, for two different time instances and
,
; if
and
belong to an ascending
curve and a descending curve, respectively, then

If
and
locate at different ascending curves or different descending curves with different dominant extremum,
and
can only intersect at an extremum. It can
be obtained that

Therefore, the coordinate, i.e.,
, is uniquely cor.
responding to hysteresis
Situation 2: Suppose that
is the extremum.
In this case, for two different time instances and , there
will be

Because
is the extremum, then
.
is uniquely corresponding to
Also, coordinate
.
hysteresis
Combining the above-mentioned two situations, it is obtained
that is a one-to-one mapping. Next, it will be verified that
is a continuous mapping.
According to the property of hysteresis curve
(9)
Then, considering lemma 2, we have

(10)
Therefore, it can be concluded that there exists a consuch that
tinuous one-to-one mapping
.
Remark 3: The straightforward explanation of Theorem 1 can
be illustrated in Fig. 1. It can further be found out that
can uniquely be determined by the point in the
-plane.
for two different time
Assuming that
instances and , the corresponding outputs of
are, re(point C in Fig. 1) and
(point D in
spectively,
. The phenomena that
Fig. 1); moreover,
happened are due to the multivalued characteristic of hysteresis.
, for
Considering the introduced operator, i.e.,
, the resulted outputs of
are
, where
corresponds to point and
to
point in Fig. 1. Therefore, based on point
in the
-plane through mapping , it can uniquely de. Moreover, point
in the
termine
-plane through mapping , it can also uniquely determine
.
III. INVERSE HYSTERETIC OPERATOR
As the previous discussion stated, in some cases, for instance,
in the design procedure of internal model control strategy, it
requires to construct both the model and the inverse model.
However, it is known that hysteresis is a nonsmooth nonlinear
function with multivalued mapping, it is rather difficult to obtain an inverse model directly based on the obtained hysteretic
model based on the proposed hysteretic operator. Hence, similar to the method of the construction of a transformation operator for modeling of hysteresis, an inverse hysteretic operator is
proposed to transform the multivalued mapping of the inverse
mapping of hysteresis into one-to-one mapping. The proposed
inverse hysteretic operator is defined as

(11)
is the current output,
where is the current input,
is the dominant extremum adjacent to the current input, and
is the output of the inverse hysteretic operator when
the input is .
is defined as the output
Remark 4: It is assumed that
of the inverse hysteresis. When
and
are fed with

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 16, NO. 3, MAY 2008

487

Fig. 3. Schematic diagram of neural networks-based hysteresis model.

Fig. 2. Behavior of the inverse hysteretic operator.

the same input
, the curve of
exhibits the simisuch as ascending, turning, and delarity to that of
scending. There is only a little difference between
and
. With the change of input, the rotation of the loop of hysis in the counterclockwise direction, while
teretic operator
is
the rotation of the loop of inverse hysteretic operator
in the clockwise direction.
denotes the increasing segment of the
Remark 5:
denotes the decrease
function. On the other hand,
is obtained
segment of the function. It is noticed that
from
. Its origin moves
. On the other hand,
is obfrom (0,0) to
when its
tained from
. Since
origin moves from (0,0) to
, the inverse hysteretic operator, i.e.,
can be
and
decomposed into an ascending curve function
. Moreover,
a descending curve function
and
are antisymmetrical functions.
Similar to the proof of Theorem 1, the corresponding Theorem 2 is shown in the following.
and
Theorem 2: For any inverse hysteresis,
are respectively defined as the input and output of the inverse
hysteresis, and there exists a continuous one-to-one mapping
such that
.
The procedure of the proof of Theorem 2 is similar to that
of Theorem 1, so it is omitted due to the limitation of space.
Moreover, Fig. 2 illustrates the behavior of the inverse hysteretic
operator and the straightforward explanation of Theorem 2.
IV. NEURAL NETWORK-BASED IDENTIFICATION FOR BOTH
HYSTERESIS AND INVERSE HYSTEREISIS
Theorem 1 indicates that the multivalued mapping of hysteresis can be transformed into a one-to-one mapping based on
the proposed expanded input space containing the transformation operator. It is also proved that the obtained mapping is a
continuous mapping.
,
, and
Let
be the input sets. Given
, it is obvious that

and
, thus
.
It can been seen that the constructed input space, i.e.,
is a compact set.
Based on what was stated above, the neural networks can be
now applied to the modeling of the hysteresis since the hysteresis transformation operator is introduced to construct a coordinate in order to realize the decomposition of multi-valued
mapping of hysteresis into a one-to-one mapping. It is known
that multilayer feedforward neural networks (MFNN) are capable of approximating any continuous function on a compact
set in arbitrary accuracy. Therefore, the MFNN used to identify
the hysteresis is shown as follows:

where
represents MFNNs. is the approximation error,
,
.
for any
The schematic diagram of neural networks-based hysteresis
model is shown in Fig. 3.
Similar to the procedure of modeling hysteresis, some conclusions about the modeling of inverse hysteresis are also derived.
Theorem 2 also indicates that the multivalued mapping of the
inverse hysteresis can be transformed into a one-to-one mapping based on the proposed expanded input space containing
the proposed inverse hysteretic operator. Similar to the proof of
the continuity of the hysteresis mapping, it is also derived that
the inverse hysteresis mapping can also be proved to be a continuous mapping.
,
, and
Let
be the input sets. Given
,
and
,
it is obvious that
. It can be seen that
thus
is also a
compact set.
Therefore, the MFNNs used to identify the inverse hysteresis
is shown as follows:

where
for any

represents MFNNs. is the approximation error,
,
.
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Fig. 4. Piezoelectric actuator (PZT-753.21C).

Fig. 6. Validation error of the proposed model.

is computed from the negative gradient, the previous search direction, and the last search direction before the previous reset.
The data used for experiment are separated into two parts. One
part is used for model identification and the other part is used
for model validation. With 463 epochs, the training procedure
is finished. Fig. 5 shows the result of model validation. Fig. 6
demonstrates the model validation error. The maximum error is
0.026735. The mean square error is 0.01027. The first-to-second
lay interconnection weight matrices in modeling hysteresis is

Fig. 5. Validation result of the proposed model.

V. EXPERIMENTAL RESULTS
A. Hysteresis model
Here, the proposed approach is applied to the identification of
the hysteresis in a piezoelectric actuator (PZT-753.21C) shown
in Fig. 4. The comparison of the performance between the obtained neural model and the KP model is also presented.
The actuator has a nominal expansion of 0–25 m under the
input voltage within 0–100 V. In this experiment, it is excited
with 5-Hz exponential decayed sinusoidal voltages. The sampling frequency is 1000 Hz. After filtering, 1200 pairs of samples are selected to construct the training set and normalized so
that the data set is located within [ 1,1].
The architecture of the neural model consists of two input
nodes, twelve hidden neurons, and one output neuron. The input
of the neural model is
. The sigmoid and linear
functions are respectively used as the activation function in the
hidden layer and in the output layer. In this experiment, the
conjugate gradient algorithm with the Powell–Beale restarted
method [12] is used to train the neural networks so as to improve
the convergent rate and the performance of the neural model.
This algorithm is distinguished with two features. First, the algorithm uses a test to determine when to reset the search direction to the negative of the gradient. Second, the search direction

The second-to-third lay interconnection weight matrices in
modeling hysteresis becomes

The model validation result of the KP model [10] and the
model validation error are respectively shown in Figs. 7 and
8. The KP model consists of 210 KP operators. The derived
maximum error of the model is 0.0363 and the mean square error
is 0.013.
Compared with the KP model, the proposed neural model has
a simple architecture and a simplified identification procedure.
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Fig. 7. Validation result of the KP model.

Fig. 9. Validation result of the proposed inverse model.

Fig. 8. Validation error of the KP model.

Fig. 10. Validation error of the proposed inverse model.
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B. Inverse Hysteresis Model
The architecture of the neural inverse model consists of two
input nodes, twelve hidden neurons, and one output neuron. The
sigmoid and linear functions are respectively used as the activation functions in the hidden layer and in the output layer.
Then, the conjugate gradient algorithm with the Powell–Beale
restarted method [12] is used to train the neural networks. The
obtained inverse hysteresis model as well as the model validation error are respectively shown in Figs. 9 and 10.
The first-to-second lay interconnection weight matrices in
modeling inverse hysteresis is

Fig. 11. Piezoelectric actuator linearization with inverse hysteresis model.

The second-to-third lay interconnection weight matrices in
modeling inverse hysteresis is

In order to eliminate the effect of hysteresis, one of the most
popular methods is to construct an inverse hysteresis model to
be in cascade with the hysteresis. The corresponding system
architecture is shown in Fig. 11. In this architecture, the proposed neural network-based inverse hysteresis model is used as
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VI. CONCLUSION

Fig. 12. Performance of the signal compensation.

In order to adapt to the change of the operating condition
and the variation of environment, a neural network is probably
one of useful alternatives. As neural networks usually cannot
directly be used for the approximation of the systems with multivalued mapping such as hystersis, a hysteretic operator is proposed to extract the movement tendency of hysteresis. Then, an
expanded input space containing the proposed hysteretic operator is constructed to transform the multivalued mapping of hysteresis into a one-to-one mapping so that neural networks are
capable of implementing identification for hysteresis. Similar
to the method of modeling hystereis, an inverse hyteretic operator is also proposed to construct an inverse hysteresis model.
Then, the inverse hysteresis model is used as a compensator in
cascade with the real piezoelectric actuator to improve the performance of signal tracking. The experimental results and comparison with the well-known KP model have illustrated the potential of the proposed modeling technique.
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Fig. 13. Error of the signal compensation.

a direct inverse model controller to cancel the oscillation or vibration caused by the hysteresis. The corresponding input and
output of the system is shown in Fig. 12. Moreover, the corresponding signal compensation error is illustrated in Fig. 13. It
is seen that the maximum error is 0.0617. The result shows that
the maximum error occurs at the maximum input extremum and
the error is much less at the other input points. Clearly, the inverse hysteresis model can suppress the influence of hysteresis
and improve the signal tracking performance.
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